We have investigated the static properties of one-dimensional planar Josephson tunnel junctions in the most general case of elliptic annuli. We have analyzed the dependence of the critical current in the presence of an external magnetic field applied either in the junction plane or in the perpendicular direction. We report a detailed study of both short and long elliptic annular junctions having 
I. INTRODUCTION
Circular annular Josephson tunnel junctions (JTJs), consisting of two superconducting rings coupled by a thin dielectric tunneling layer were recognized to be the ideal benchmark to test both the statics and the dynamics of sine-Gordon solitons in the presence of a periodic potential [1] [2] [3] [4] . In this context, a soliton is a current vortex, also called a Josephson vortex or a fluxon, circulating around the junction and carrying one magnetic flux quantum. A spatially periodic potential for the fluxon can be easily implemented by a uniform magnetic field applied in the plane of the annulus. However, for JTJs having a not simply-connected topology the most general and at the same time regular geometry is provided by an elliptic annulus. At variance with a circle that has infinitely many axes of symmetry, an ellipse has two axes of symmetry. This geometrical symmetry breaking which comes with an associated non-uniformity of the radius of curvature has been exploited in several physical systems, e.g., to increase the focal depth 5 or the resolving power 6 of annular apertures and as antenna reflectors in the microwave region 7 .
Elliptic annular Josephson tunnel junctions (EAJTJs)
serve as an handy tool for the realization of complex periodic potentials, including those lacking spatial reflection symmetry, known as ratchet potentials 8 . An additional motivation to study EAJTJs is the intention to cast in one unique class many apparently different JTJ configurations, including the linear geometry commonly studied in the context of JTJs.
In this article we focus our attention on the static configurations of the phase in EAJTJs; the dynamics of solitons will be the subject of another article. Most of the work will be focused on EAJTJs having the so called Lyngby-type geometry 9 , that refers to a specularly symmetric configuration in which the height of the current carrying electrodes matches one of the ellipse outer axis (e.g. see The paper is organized as follows. In next Section we first consider a quater-elliptic annular junction immersed in a uniform in-plane magnetic field and derive the threshold curves for junctions having different ellipticity; later we extend the analysis to full ellipses with possible Josephson vortices trapped in the annular barrier. In Section III we derive the appropriate partial differential equation for an electrically long EAJTJ; later we present the results of the numerical simulations and outline the effects of the magnetic field induced by the junction bias current. Thereafter, we investigate the consequences of a magnetic field applied perpendicular to the junction plane for different geometrical configurations; for Lyngby-type samples we establish the equivalence between a transverse magnetic field and an in-plane magnetic field applied along the flow of the bias current. Besides, we suggest a simple geometrical configuration that implements the ideal step-like deterministic periodic ratchet potential. In Section V we describe the fabrication of our N b/Al-AlOx/N b samples, the different geometries that have been realized and the experimental setup; finally, we present and discuss the experimental data of long EAJTJs with both in-plane and transverse magnetic fields. The conclusions are drawn in Section VI.
II. SHORT ELLIPTIC ANNULAR JUNCTIONS
In this section we derive the equations which describe the behavior of a small EAJTJ in the presence of a uniform (static) magnetic field, H , applied along one of its axis. In order to confer the largest generality to the analysis, we will begin by considering a quarter-elliptic planar junction which, depending on its eccentricity, will include also the cases of linear and quarter-annular 10 junctions. Later on, we will treat an EAJTJ as the parallel combination of four quarter-elliptic ones subject to periodic boundary conditions.
A. Quarter-elliptic junctions
As shown in Figure 1 , let the quarter-ellipse lay in the plan identified by the X-Y Cartesian coordinate system whose origin coincides with the center of symmetry and whose axes are directed along the principal semi-axes a and b of its master ellipse. The curve is described by the the parametric equations x = a sin τ and y = b cos τ , where τ (0 ≤ τ ≤ π/2) is a parameter measured clockwise from the positive Y -axis such that τ ≡ ArcTan ρx/y, not to be confused with the polar angle θ ≡ ArcTan x/y. We defined ρ ≡ b/a the axes ratio and we will also make use of the master-ellipse eccentricity e 2 ≡ 1 − ρ 2 . For a circular arc, ρ = 1 (no eccentricity), so τ and θ coincide, while for ρ = 1, τ = θ only for θ = mπ/2.
In the case of a thin circular ring with mean radius r, we would introduce the curvilinear coordinate s(θ) = rθ such that s linearly increases by one perimeter (circumference) as θ 
changes by 2π. Along an elliptic arc we instead introduce the non-linear curvilinear coordi-
, where I(τ ) ≡ 1 − e 2 sin 2 τ = cos 2 τ + ρ 2 sin 2 τ is the integrand of the incomplete elliptic integral of the second kind, E(τ, e 2 ).
In Josephson's original description the quantum mechanical phase difference, φ, across the barrier is related to the magnetic field, H, inside the barrier 11 :
in which u z is a unit vector orthogonal to the junction plane and κ
Φ 0 is the magnetic flux quantum, µ 0 the vacuum permeability, and
t is the junction magnetic penetration depth 12 , where λ b,t and d b,t are, respectively, the bulk magnetic penetration depths and thicknesses of the junction bottom and top films; d m reduces to λ b + λ t in the case of thick superconducting films (d b,t larger than 4λ b,t ). The subscripts b and t will be adopted to label the quantities which refer, respectively, to the bottom and top/wiring layers.
H in Eq.(1) is the total magnetic field that, in general, is given by the sum of an externally applied field and the self-field generated by the current flowing in the junction. Eq. (1) states that, among other things, φ is not sensitive to fields along the Z-direction; this is only true in the ideal case of a bare Josephson sandwich with no electrical connections. In real devices the presence of the current carrying electrodes not only alters the effect of a barrier-parallel field, but also makes the junction sensitive to a transverse field 13, 14 . The way such field induces screening currents, which, in turn, generate in-plane magnetic fields is well understood in rectangular JTJs; in Section IV, we will discuss how a similar approach works with not simply connected junctions.
For the time being, we assume that the quarter-elliptic junction is electrically short, i.e., the arc mean length, L, is small compared to the Josephson penetration length
assume that the arc has a finite width, W , much smaller than the quarter-ellipse semiaxes. Under these conditions a spatially homogeneous field applied in the X-Y plane fully penetrates into the barrier. In our specific case, the external field is applied perpendicular to the a-axis, i.e., along the positive Y -direction, H ≡ 0, H . According to Eq.(1), the Josephson phase only changes in the X-direction, i.e., ∂φ/∂y = 0 and dφ/dx = −κH ; then φ(x) = −κH x + φ 0 , where φ 0 is an integration constant. The dependence on τ is:
where h is the strength of the in plane field, H , normalized to (κa)
The local density, J J , of the Josephson current at a point r inside the barrier area is 11 J J ( r) = J c ( r) sin φ( r), where J c is the maximum Josephson current density. The Josephson current, I J , through the barrier is obtained integrating J J over the junction area, I J = A J J dA; in force of the one-dimensional approximation, A = W L and the elementary surface element is dA = dW dL, where dL = ds = a I(τ )dτ is the elliptic elementary arc. Assuming J c uniform over the barrier area and recalling that φ is constant along the annulus width:
If the in-plane field is applied along the X-direction, the factor −h sin τ should be replaced by h ρ cos τ (or, equivalently, one should operate the transformation ρ −→ 1/ρ). From Eq.(3) with e 2 = 1 (ρ = 0) we easily recover the Fraunhofer-like magnetic diffraction pattern (MDP), | sin h /h | = |Sinc h |, typical of small linear junctions.
The critical current, I c , of a quarter-elliptic junction can be found by maximizing 15 Eq. (3) with respect to φ 0 :
where I c (0) = J c W L is the junction zero-field critical current and E(e 2 ) = E(π/2, e 2 ) is the 
In the above expression J n and H n are, respectively, the n-th order Bessel function of the first kind and the n-th order Struve function. We have also introduced the Fresnel's Sine and Cosine integrals defined, respectively, by:
cos h x 2 dx (h > 0). In the limit h → 0, S ≈ 0 and C ≈ 2h /π, so that, as required, i c (0) = 1. In the opposite limit, i.e., for h → ∞, S ≈ C ≈ 1/2 and i c (h ) asymptotically decreases as 1/ h . It is also interesting to observe that for a very prolate annulus, b >> a, i.e., −e 2 ≈ ρ 2 >> 1, the normalize MDP reaches a ρ-independent shape:
which for large fields decreases as π/h .
For a semi-elliptic annular junction with τ ∈ [−π/2, π/2], taking into account the φ − φ 0 symmetry, Eq.(4) reduces to:
This expression also applies to full ellipses for which the parameter τ spans over a 2π range for a very prolate ellipse, b >> a, the normalize MDP reaches the limit ρ-independent shape π|H −1 (h )|/2. We observe that, as ρ increases, the secondary lobes grow, i.e., the MDPs look more and more like those of a linear junction with the Josephson current density, J c (τ ), peaked at the edges 15 (τ = ±π/2).
It is evident that for an elliptic junction in a uniform field the minima in the magnetic pattern are not integer multiples of the first one, although they are (almost) equally spaced, the separation between two contiguous minima being about π. It is also worth to note that while the axes ratio ρ changes from 0 to ∞, the first critical field, h c , i.e., the first zero of the In passing, we remark that the integrals in Eq.(5) can be accurately reproduced by the following empirical functions: where Γ is the Gamma function of real argument and 2σ(ρ) = ( Furthermore, when |b| > |a|, then the foci lie on the Y -axis and ν = ArcTanh ρ is a complex number. (ν, τ ) forms the so-called planar elliptic coordinate system. In general, the periodic conditions for the two-dimensional field φ around an EAJTJ are written as:
n being an integer number corresponding to the algebraic sum of Josephson vortices (or fluxons) trapped in the junction at the time of the normal-to-superconducting transition.
Eqs.(7a) and (7b) were derived in Ref. out to be the algebraic difference between the number of flux quanta associated with the fluxoids in each electrode 24 . φ in Eq. (2) is 2π-periodic, therefore, to implement the periodic conditions, one only has to add a term, nτ , that accounts for n distributed 2π-kinks:
Being φ still an odd function (disregarding φ 0 ), we can use again Eq. (4) to derive the most general expression for the threshold curve of a short EAJTJ:
The MDPs of Eq. (9) with n = 1 are plotted in Figure 4 for different values of ρ. As we progressively decrease the ellipse minor semi-axis b (while keeping the major semi-axis a constant) an EAJTJ tends to a 2W × 2a rectangular junction with a slit in the middle; with n = e 2 = 1, Eq. (9) reduces to: 
III. LONG ELLIPTIC ANNULAR JUNCTIONS
In this section we derive the appropriate partial differential equation (PDE) for an EAJTJ in an external magnetic field. The total tunnel current density is given by:
where the last term takes into account the quasi-particle tunnel current assumed to be ohmic, i.e., R is the voltage independent quasi-particle resistance per unit area. The subscripts on φ denote partial derivatives. Following Refs. 1, 19 , a one-dimensional planar curved Josephson tunnel junction of constant width in the presence of a barrier-parallel external magnetic field, H e , is described by the following partial differential equation for φ:
where ω 2 p = 2πJ c /Φ 0 c s , and c s being the specific junction capacitance. γ(s) is the local normalized bias current density and ∆ is the coupling between the external field and the field in the junction 1, 18 . Here s is a curvilinear coordinate along the junction. It is well known that λ J gives a measure of the distance over which significant spatial variations of the phase occur; the plasma frequency, ω p /2π, is the oscillation frequency of small amplitude waves. 
where H ν = H e ·ν is the component of the externally applied in-plane magnetic field normal to the junction perimeter. Therefore, in the experiments the magnetic field can be substituted by a properly chosen additional bias current γ 1 (s) and vice versa. Eq. (10) is called Perturbed sine-Gordon Equation (PSGE). Because of its local form, it is quite general and holds for junctions of any geometrical shape. We note that the first and last terms on the right-hand side of Eq. (10), from a mathematical point of view, play the same role. 
A. The sine-Gordon modeling
We now want first to compute the normal component, H ν , of a uniform magnetic field
is maximum at the ellipse poles, H ν (0) = −H ν (π) = H , and vanishes at the ellipse equatorial points, τ = ±π/2. Next, recalling that
, the directional derivative of the normal field is:
It can be shown that the second directional derivative is:
Inserting Eqs. (11) and (12) in Eq. (10), we end up with the following PSGE for an EAJTJ:
where again h = κaH . Eq. (13) states that for an elliptic annular junction the magnetic field enters directly into the PSGE in contrast to the case of linear junctions for which it appears only in the boundary conditions. Further, the different sections of the annulus feel different fields; diametrically opposed points feel opposite fields and the field term in Eq. (13) is out of phase with respect to the actual normal field. Moreover, the effect of a given field depends quadratically on the axes ratio ρ; the odd expression ρ 2 I −2 sin τ , whose rms value is ρ/2, is plotted in Figure 5 for different ρ values. For ρ = I 2 (ρ, τ ) = 1, Eq. (13) reduces to well studied PSGE for ring-shaped junctions 1, 18 . It is also worth to notice that, in the limit ρ → 0, Eq.(13) reproduces the classical PDE for a linear junction. In fact, observing that I 2 (0, τ ) = cos 2 τ and that, as ρ gets smaller and smaller, ρ 2 I −2 (τ ) sin τ approaches the unitary impulse function, δ 1 (±π/2) = ±1 and zero elsewhere (see Figure 5 ), we have:
Now recalling that x = a sin τ , it is not difficult to derive that for any composite function φ(x(τ )) it is φ τ τ + tan τ φ τ = a 2 cos 2 τ φ xx ; introducing the normalized spatial coordinate ξ = x/λ J , we recognize the well known PSGE for a linear overlap JTJ:
with boundary conditions φ ξ (a/λ J ) = −φ ξ (−a/λ J ) ∝ h . In concluding, Eq. (13) is more
general that it appears at a first glance.
B. The static numerical simulations
In what follows, we are interested in the static, i.e., time-independent solutions of Eq. (13) and, in order to have zero fluxons trapped in the junction, the conditions on the phase periodicity are: φ(τ + 2π) = φ(τ ) and φ τ (τ + 2π) = φ τ (τ ). The direct numerical integration of Eq. (13) with α = β = 0 poses large problems of stability due to the fact that there is no loss in the system 20 ; to avoid this problems, we set α = 3 in order to have a fast decay towards a static solution (in real junctions α ≤ 0.1). The term containing the surface loss was simply dropped to save computer time (β = 0). For the sake of simplicity, in our theoretical investigation the bias current was supposed to be uniform, γ(τ ) = γ, and ∆ was set to 1; in real devices, depending on the specific electrodes geometry, non uniform bias distribution 21 , self-field solve Eq. (13) for different values of the normalized semi-axis, a/λ J , and of the mean axes ratio, ρ. Specifically, we have numerically computed the maximum value, i c , of the zerovoltage bias vs. h . To begin with, we have checked that for a < 0.1λ J we were able to accurately reproduce all plots in Figure 3 (a).
For long EAJTJs we wish to confront the MDPs of samples having the same normalized perimeter, = P/λ J = 4aE(e 2 )/λ J , and different axes ratios; accordingly, for given and ρ, we must set a/λ J = /4E(1 − ρ 2 ). In order to compare the numerical findings with the experimental data, we will limit our interest to ρ = 0. dimensional ring-shaped junctions it was found 13, 30 that the critical field is proportional to the ring radius, r, as far as r >> λ J . Our numerical simulations allowed us to reach the conclusion that for long elliptic annuli the critical field increases as (a/λ j ) ρ .
C. The self-field effects
The analysis of long EAJTJs would not be satisfactory if we neglected the effects of the magnetic field generated by the junction feed current; for the sake of generality, we will treat them only on a qualitative basis, since this effects drastically depend on geometrical details. It will turn out that the following considerations are very useful to interpret the experimental finding reported in Section V. Let us consider an EAJTJ fed by a d.c. bias current, I, smaller that the critical current, I c , so that it is in the stationary (zero voltage)
state. As depicted in Figure 7 (a), I is applied in the positive X-direction: it enters the junction, say, from the wiring electrode on the left side, gradually splits in the two arms of each electrode, recombines on the junction right side and leaves through the bottom electrode therefore, as I is increased we will reach a value that makes the junction to prematurely switch to the voltage state (the largest critical current always corresponds to the uniform phase distribution, φ(τ ) = sin −1 I/I c ). In the presence of an externally applied magnetic field, the system symmetry is broken and, in general, the bias current splits in unequal parts giving rise also to a net X-component of the normal self-field which is larger for oblate geometries (ρ > 1). In a first approximation, as already heuristically suggested for ring-shaped junctions 18 , the self-field effects in long EAJTJs can be taken into account in Eq. (13) by adding extra terms which simulate two uniform fields, one parallel, ∝ ργ cos τ , and the other orthogonal, ∝ ρ −1 γ sin τ , to the bias current flow.
We should also add that, even neglecting the self-field effects, a bias current density which is uniform in τ can never be achieved in AJTJs. If the bias current, I, were uniformly distributed along the height of the current carrying electrode, γ(s(τ )) would be peaked at the equatorial points of the ellipse. However, the current in a superconducting flat film mainly flows at its boundaries 24 , therefore, more realistically, the γ profile is depressed at the equatorial points and is largest at the poles. Although symmetric, a non-uniform current density profile, together with the self-fields, reduces the largest possible value of the critical current. In the experiments, the ratio of the zero-field critical current, I c,0 , to the current jump, ∆I g , at the gap voltage is a direct measure of this nonuniformity: the lower this ratio, the larger is the nonuniformity.
IV. TRANSVERSE MAGNETIC FIELD H ⊥
An alternative way to modulate the critical current of a planar Josephson tunnel junction is to apply a magnetic field, H ⊥ ≡ (0, 0, H ⊥ ), perpendicular to the junction plane [32] [33] [34] , which induces shielding currents in its electrodes. In turn, the shielding currents generate a local magnetic field whose normal component thread the Josephson barrier. The modulation amplitude drastically depends on the geometry of the electrodes and on how close to the barrier the shielding currents circulate. For rectangular junctions these effects have been already investigated both theoretically and experimentally 14, 35 ; for ring shaped junctions only magnetostatic simulations and experimental data exist, and a theoretical understanding is still lacking. Here, in addition, we will analyse how a transverse field acts on an EAJTJ; more specifically, we want to derive the normal component of the magnetic field induced by the the circulating shielding currents. We will consider three different geometries formed by specularly symmetric electrodes whose bottom electrodes are shown in Figures 8(a) -(c). We will take in consideration that for window-type junctions the elliptic loops in the bottom and top/wiring electrodes have the same mean axes, i.e., the same perimeter and ellipticity, but different widths (respectively, W b and W t ). For the sake of simplicity, the analysis will be carried out assuming that no flux is trapped in the electrode loops.
A. Island geometry
The island or δ-biased 20 If we now consider the top/wiring electrode, for symmetry reasons and considering that the shielding current circulates on the opposite side of the barrier, we have that H ν,t = −K t H ⊥ . In the case of equal width annuli, then K b = K t and the total normal field,
, is null meaning that the field generated by the currents circulating in the top electrode fully compensates that produced by the shielding currents induced in the bottom one. However, in general, ∆K = K b − K t = 0 and the total normal field is uniform and proportional to the transverse field, H ν = ∆K H ⊥ ; therefore, for short EAJTJs it gives rise to Fraunhofer-like threshold curves. To demonstrate this we resort to Eq. (1) in elliptic coordinates, (∂φ/∂ν, ∂φ/∂τ )= κaI(τ )(H τ , −H ν ), which, in our one-dimensional approximation, yields dφ/dτ = −κaH ν I(τ ) = −κa∆K H ⊥ I(τ ). By integrating dφ/dτ and introducing the dimensionless field h ⊥ ≡ κaH ⊥ , we have:
Reiterating the calculation of Sec.IIC, with φ as in Eq. (14), we get the MDP of a short island-type EAJTJ in a transverse field:
Being its derivative is null, according to Eq.(10), a uniform normal field produces no effects on electrically long EAJTJs.
B. Modified Lyngby-type geometry
We now analyse the modified Lyngby-type geometry in which the left (right) side of the bottom (top) electrode is a semi-infinite plane; the bottom electrode of the configuration is shown in Figure 8 
Summing up the contributions from both electrodes, the total normal field is given by a 2π-periodic step function having different amplitudes in the two half-periods:
Starting from Eq. (16), it is not difficult to derive that for short elliptic junctions with the modified Lyngby geometry in a transverse magnetic field:
which, in the case of equal fluxes, again reduces to a pure Fraunhofer pattern that only depends on the coupled flux (and not at all on the junction ellipticity). It is worth to point out that, due to flux focusing effects, the effective capture area of this geometry is much larger than the ellipse inner area. As far as long junctions concerns, the normal field discontinuities at the ellipse poles result in two Dirac terms in the PSGE in Eq.(10), corresponding 20, 41 to local extra conditions on the spatial phase derivative.
C. Lyngby-type geometry
Let us consider the bottom electrode of a Lyngby-type EAJTJ sketched in Figure 8 (c).
The loop width is constant and equal to W b , on the right side and increases when we move to the left side. With respect to the previous geometry, this makes the transition to zero of the bottom normal field smoother as we cross the ellipse poles. The calculation of how
this field vanishes when the circulating current moves away from the barrier is not an easy task, but, clearly this effect occurs faster for prolate junctions. Being W b << b, we will suppose that the field decay only depends on ρ and can be qualitatively described by the function f (ρ, τ ) = 1 + ρ I −1 (τ ) sin τ plotted in Figure 9 for different values of ρ (in the range
. Summarizing, the normal field, H ν,b (τ ), generated by the screening currents circulating in the bottom electrode is given by the continuous expression:
Analogously, for the specularly symmetric top electrode it is:
Whatever are the electrode inductance, the conversion factors are
The total normal field is H ν = H ν,b + H ν,t , and is given by the continuous function:
In the case of symmetric electrodes (K b K t = K), the above expression greatly simplifies to H ν (τ ) = H ⊥ Kρ I −1 (τ ) sin τ which is the normal component of a uniform in-plane field KH ⊥ applied in the direction of the X-axes, which is the direction of the current carrying electrodes. Remarkably, the critical current of both short and long Lyngby-type (symmetric)
EAJTJs in a transverse field is expected to modulate exactly as described in Sections II and III for an in-plane magnetic field. This result is supported by magnetostatic simulations showing that for Lyngby-type ring-shaped junctions in presence of a transverse field the normal magnetic field has a sinusoidal dependence on the polar angle θ, independent of the annulus radius. Later on, it was experimentally proved 13 (although at that time not explained) that the field conversion factor K of Lyngby-type ring-shaped junctions increases linearly with the mean radius, r; this is consistent with the capture area proportional to r 2 and an inductance proportional to r (as in the case of the modified Lyngby geometry).
Further support of the validity of Eq.(19) will be provided by the experimental data reported in Section V. 19, 44 in order to exploit the rectifying property 8 of a ratchet potential. It is easy to recognize that the configuration depicted in Figure 10 (bottom electrode in gray and top/wiring electrode in black) implements the ideal step-like deterministic ratchet potential with the normal field being constant on the left side (K t H ⊥ ) and null on the right side. we found J c = 53 A/cm 2 corresponding to λ J ≈ 52µm. Figure 7 (b) also shows that in our samples there is a 5 µm wide idle region only on the outer left side of the junction; taking into account this asymmetric idle region, it is λ J ≈ 58µm on the junction left side. For our calculation we will use the average value λ J ≈ 55µm.
Our setup consisted of a cryoprobe inserted vertically in a commercial LHe dewar. The cryoprobe was magnetically shielded by means of two concentric P b cans and a cryoperm one; in addition, the measurements were carried out in an rf-shielded room. The external magnetic field could be applied both in the chip plane or in the orthogonal direction. The chip was positioned in the center of a long superconducting cylindrical solenoid whose axis was along the Y -direction (see Figure 1 ) to provide an in-plane magnetic field, H || . The transverse magnetic field, H ⊥ , was applied by means of a superconducting cylindrical coil with its axis oriented along the Z-direction. All measurements were carried out at T = 4.2K.
B. In-plane magnetic diffraction patterns
In this section we report the measurements carried out on junctions A and B of Figure 11 having, respectively, ρ A = 2 and ρ B = 0.5, according to our notations (see Figure 1 ). For both junctions the mean perimeter is P = 4E(1−ρ 2 B ) a B ≈ 4 × 1.211 × 145µm ≈ 700µm, i.e., much longer than the Josephson penetration depth, = P/λ J ≈ 13 (it is E(1−ρ
. A large number of such samples were investigated and they all showed not only the zero-field critical current, I c,0 , but also the maximum critical current, I c,max , Unbiased elliptic annular junctions inherently have specular symmetry with respect to their principal axes: quite obviously an in-plane magnetic field breaks the system symmetry along its direction. In this paper we have demonstrated that a transverse field breaks the symmetry along the direction of the current carrying leads; furthermore, in long EAJTJs the bias current itself also generates non-symmetric conditions, the asymmetry being more pronounced along the current direction for oblate ellipses and vice versa. Among other things, we have also suggested a simple geometrical configuration in which the magnetic field coupled to the elliptic barrier lacks reflection symmetry, so accomplishing a nearly ideal rectifying potential in which a soliton is accelerated only in one half of the junction perimeter. The soliton dynamics in EAJTJs will be treated in a forthcoming paper.
